We propose an alternative scenario for the generation of entanglement between rotational quantum states of two polar molecules. This entanglement arises from dipole-dipole interaction, and is controlled by a sequence of laser pulses simultaneously exciting both molecules. We study the efficiency of the process, and discuss possible experimental implementations with cold molecules trapped in optical lattices or in solid matrices. Finally, various entanglement detection procedures are presented, and their suitability for these two physical situations is analyzed.
I. INTRODUCTION
In the last years, the development of quantum information opened new perspectives for several physical systems displaying controllable quantum properties. While some low dimensional basic quantum information tools have been experimentally realized with cavity quantum electrodynamics [1] , trapped ions [2] , NMR [3] and cold atoms [4] , for example, the exploitation of other systems presenting potential advantages remains of great importance. In this paper, we focus our attention to polar diatomic molecules.
There is a growing recent interest in exploiting molecules for quantum information purposes, both from the theoretical and experimental points of view. This interest comes partly from the development of new methods for the generation of ultracold molecular gases [5] . Two techniques are now widely used for this purpose: photoassociation [6] and magnetic Feshbach resonances [7] . These methods, first applied to the formation of homonuclear molecules, were then used for the creation of ultracold polar heteronuclear molecules such as RbCs [8] , LiNa [9] , KRb [10] or NaCs [11] in various trapping situations. Very high formation efficiencies were also obtained recently for homonuclear molecules in optical lattices, when two atoms are located in each lattice site [12] . This kind of trap presents several advantages since it allows for the control of both the internal rovibronic and external center of mass quantum states of the molecules, which can additionally be isolated from each other due to the tight confinement at the lattice sites. Finally, the controlled creation of cold heteronuclear molecules in optical lattices [13] would allow for the production of strong inter-molecular interactions which could be exploited for quantum computation [5] .
Indeed, several proposals have been presented recently to benefit from the specificities of molecules for quantum information [14, 15, 16, 17, 18] . Theoretically, it was shown that molecules can be used to store binary information in the phases of rotational wavepackets [14] .
The implementation of simple quantum algorithms has also been proposed using femtosecond pulses acting on diatomic molecules [15, 16, 17] . Additionally, it was shown that molecules in optical lattices can simulate topological order, generating topologically protected subspaces where a quantum bit (qubit) can be encoded [18] .
The use of polar diatomic molecules in various kinds of traps was also proposed recently by different groups for quantum computation [19, 20, 21, 22] . DeMille [19] first proposed to use molecules oriented along an external electric field in a 1D trap array for the implementation C-NOT gates with a very large number of qubits. Lee and Ostrovskaya [20] then proposed to use coherent Raman transitions between scattering and bound states of heteronuclear molecules trapped in optical lattices for the implementation of conditional dipole-dipole interactions. It was shown by Kotochigova and Tiesinga [21] that microwave fields can be used to induce a tunable dipole-dipole interaction between ground state rotationally symmetric molecules. Finally, Yelin et al [22] also proposed very recently different schemes for the implementation of molecular quantum gates. From the experimental point of view and in another context, evidences of quantum correlations caused by dipole interaction between two molecules separated by tens of nanometers in an organic crystal were observed by detection of photon bunching [23] .
In the present work we address the question of controlled entanglement creation in cold polar diatomic molecular systems. In our proposal, pure states with any degree of entanglement can be created by laser assisted conditional dipole-dipole interaction. Compared to previous proposals, this process only involves two vibrational states in their three lowest rotational levels. A Raman transition is used to transfer the qubit state from a set of uninteracting levels used for the storage of information to a set of interacting levels used for the creation of entanglement. This ability to switch on and off the dipole interaction with simple optical pulses of relatively short duration allows for the implementation of conditional quan-tum logic. In this approach, the dipole interaction is sufficiently weak to be treated as a perturbation, but sufficiently strong to generate maximally entangled states in a relatively short duration (≃ 10 µs -1 ms) as compared to the expected coherence time (≫ 1 s) [21, 24] . One could therefore perform about 10 4 logical gates within this anticipated coherence time. In addition to this possible implementation with cold molecules trapped in optical lattices, other physical systems, such as molecules trapped in solid matrices, are also considered in the present work. In this case, entanglement is created in an uncontrolled way in a collection of N molecules, two by two. Finally, we investigate some ways of detecting entanglement given the possibilities of each system, and describe how to perform non-locality tests.
In Section II, we describe the basic principles for entanglement creation between the rotational levels of two polar molecules. The effects of dissipation are discussed in Section III, together with possible experimental realizations. Finally, a direct detection test of this entanglement is described in Section IV.
II. LASER ASSISTED CREATION OF ROTATIONAL ENTANGLEMENT
A. General frame
We consider here two identical diatomic polar molecules, initially prepared in their ground electronic and rotational levels. For simplicity, and in order to describe the physical process on which relies this entanglement creation procedure, we ignore in this section the vibrational degree of freedom. The additional complexity introduced by the vibrational motion will be dealt with in Section II B.
Since the mechanism proposed in the next Section for the implementation of a quantum phase gate is based on unitary transformations conserving the projection of the rotational quantum number of both molecules on the inter-molecular axis, this projection is fixed at zero in the following (see the justification given at the end of Sec. II B for details).
The rotational stationary states of each isolated molecule, with energies
are denoted by |N i , with
where Y N,0 (θ i , φ i ) represents the spherical harmonic associated with the molecular rotational quantum number N of projection zero on the inter-molecular axis. The index identifying each molecule is i = 1, 2. The angular coordinates of the two molecules with respect to the relative inter-molecular coordinate r are denoted by the polar and azimuthal angles θ i and φ i (see Fig. 1 for a schematic representation). The molecular rotational constant, B rot , corresponds to the rotational period T rot = π/B rot . For the two-molecule interacting system, the field free Hamiltonian readsĤ
where the non-interaction HamiltonianĤ 0 is written as the following sum of mono-molecular Hamiltonianŝ
and the dipole interaction potential V d ( r) takes the form
In this equation, µ is the permanent dipole moment of the molecule. The interaction of the two molecules with a sequence of linearly polarized laser pulses is described within the dipole approximation by the length-gauge laser interaction Hamiltonian
where we have assumed that the polarization of the electric field E(t) is parallel to the inter-molecular vector r. Since in our scheme the projection of the rotational quantum number on the inter-molecular axis remains equal to zero, the second part of the dipole interaction potential in Eq.(5) averages to zero, and one is left with
This dipole interaction only couples angular momentum states N which differ by one unit, and the selection rule ∆N = ±1 applies for each molecule. For the sake of simplicity let us first analyze the effect of the dipole interaction in the angular subspace spanned by the quantum numbers N = 0 and 1 only. This subspace is entirely characterized by the tensorial product basis set |0 1 ⊗ |0 2 , |0 1 ⊗ |1 2 , |1 1 ⊗ |0 2 and |1 1 ⊗ |1 2 , that we can reference more simply as the states |00 , |01 , |10 and |11 . Note that out of these four eigenstates of the non-interacting HamiltonianĤ 0 , |01 and |10 are degenerate. The perturbation regime therefore applies when
This criterion imposes a limit on the inter-molecular separation which is discussed in Section III. With such a small dipole interaction, the zero-order eigenstates of the interacting HamiltonianĤ are simply given by
The first-order energies of ψ 1 and ψ 4 are obviously unaffected by the dipole interaction, while the degeneracy of the states |01 and |10 is removed at first-order, introducing the energy shifts
The probability distribution Fig. 2 (a). This state, which can be seen as the following combination of molecules pointing in the same direction
is maximally entangled in orientation [26] . This configuration is obviously stabilized by the dipole interaction.
On the other hand, the entangled state ψ 3 , represented in Fig. 2 (b), corresponds to two molecules oriented in opposite directions
This state is, therefore, subjected to a repulsive interaction.
(Color online) Probability distributions of the zeroorder eigenstates of the interacting HamiltonianĤ as a function of the polar angles θ1 and θ2 defining the orientation of the two molecules with respect to the inter-molecular axis (see The energy shifts ∆E ± of Eq.(10) lead to a temporal dephasing ∆E ± t/ for a free evolution during a time t of the bipartite rotational states as compared to the noninteracting single-molecule rotational levels. As we will show in the following, this dephasing can be used for entanglement creation and conditional quantum logic. We now turn to the description of the mechanism we propose to perform a quantum phase gate using the two lowest rotational levels of each molecule.
B. Quantum phase gate and entanglement creation
The physical implementation of quantum logic [27] would put the predicted polynomial [28] and exponential [29] speed-up of various computational tasks of significant interest in concrete form. This achievement requires the physical implementation of a universal set of single and two-qubit quantum gates [30] . Single-qubit operations, which consist of rotations in the qubit basis [30] , are relatively easily implemented using stimulated Raman transitions for instance [5, 6, 8, 12] or using stimulated Raman adiabatic passage techniques with transform-limited laser pulses [31] . We therefore present here a proposal for the implementation of a two-qubit quantum phase gate. This phase gate P (ϕ), defined by the unitary transformation
entangles the two-qubits by selectively changing the state |11 while leaving other states unchanged. In practice, it is often simpler to implement a phase gate which changes the different qubit states according to the adiabatic transformation
This last unitary operation can then be reduced to the conditional phase gate P (ϕ) described in Eq. (13), with
by using additional single-qubit operations [30, 32, 33, 34] . Its is clear that the dynamical phases acquired during the evolution of non-interacting eigenstates do not contribute to this global phase [33] , and they will, therefore, be ignored in the following. The case ϕ = π is of clear interest since this particular operation can be used to transform a separable two-qubit state into a maximally entangled state. Several different implementations of this universal gate have already been proposed or implemented with various physical systems [35, 36] . In this study, we propose the implementation of such a conditional phase gate using both the vibrational and rotational molecular degrees of freedom.
The two rotational levels N = 0 and 2 of a well-defined vibrational state v 0 are used for the storage of information. These two states have several advantages for this purpose. First, they are easily manipulated by twophoton Raman transitions relying on an intermediate level of rotational quantum number N = 1. These twophoton transitions may indeed be used to perform arbitrary one-qubit rotations. In addition, they are unaffected by the dipole interaction, which only couples, at first order, angular momentum states differing by one unit. Finally, their associated spontaneous decay rate
corresponding to the (v 0 , N = 2) → (v 0 , N = 0) transition, is not limiting their coherence time for the heteronuclear alkali dimers considered in this study, with B rot ≃ 0.01 − 0.1 cm −1 . It is interesting to note here that, in various experiments [12] , cold diatomic molecules have already been prepared and trapped using optical lattices in their ground electronic and rotational levels and in a well-defined vibrational state.
For the sake of simplicity, let us now denote the states of both molecules by labelling them according to the value of their rotational and vibrational quantum numbers as |N, v . Our qubit states are, therefore, now defined as being
To implement the conditional phase gate (13), the qubit state |1 is selectively transferred, at time t = 0, to the coherent superposition 
is maximized if the quantum superposition |Ω 0 is chosen as the state
We will, therefore, transfer here the qubit state |1 to the coherent superposition |Ω 0 ≡ |+ . This transfer involves two transitions, which are represented schematically with the arrows shown in Fig. 3 . A first π/2 laser pulse (arrow (a) in Fig. 3 ) transfers half of the population from state |1 ≡ |2, v 0 to state |1, v 1 , thus creating the coherent superposition (|2, v 0 + |1, v 1 )/ √ 2. A twophoton Raman process (arrows (b) and (c) in Fig. 3 ) then transfers the remaining population of state |2, v 0 to state |0, v 1 , therefore completing the protocol and generating the |+ state of Eq. (20) . This transfer can be performed using stimulated Raman adiabatic passage techniques for instance [31] . For practical reasons, it could also be preferable to operate this two-photon transition slightly detuned from the intermediate level |1, v 2 . The efficiency of spontaneous Raman scattering, a mechanism possibly leading to trap losses in optical lattices, is indeed clearly decreased in this case [12] . In terms of pulse duration, it is necessary to work with pulses whose spectral bandwidth is much lower than the rotational energy spacing 2B rot . With the polar molecules considered in this study (see Table I for the rotational constants of RbCs, KCs, KRb, NaCs, NaRb and NaK), this requirement imposes a pulse duration much larger than ∆t ∼ 200 ps. Since the gate durations obtained with these polar molecules belong to the µs time scale (see Sec. III hereafter), the transfer between the storage qubits and the interacting states proposed here is not limiting the total operation time of the gate. Re-establishing the initial state |2, v 0 is simply done by using the pulses which invert this unitary operation: a π-pulse for the transition |1, v 1 → |2, v 0 , and a Raman pulse sequence similar to the one shown in Fig. 3 for the complete transfer |0, v 1 → |2, v 0 . Note that, due to the choice of laser frequencies, the state |2, v 0 is the only one affected by the laser pulses, and the state |+ is produced conditioned to the fact that the molecules are in state |2, v 0 initially. Finally, we would like to stress that, as shown in Ref. [36] , the fact that the interaction with the laser pulses is analyzed in terms of single-molecule states, while the overall two-qubit phase gate operation is based on the two-molecule interacting Hamiltonian, is not limiting the generality of our results. (20) as a function of the polar angles θ1 and θ2 which define the orientation of the two molecules with respect to the inter-molecular axis (see Fig. 1 
) [25].
When this sequence of laser pulses is applied to both molecules simultaneously, the complete molecular system ends up in state |++ if it was initially in state |11 .
The probability distribution of state |++ is shown in Fig. 4 as a function of θ 1 and θ 2 . This separable state clearly corresponds to two molecules oriented in the same direction, with
Since the two coherent superpositions (20) which are associated with each molecule evolve in phase, this parallel orientation is maintained at any time. As a consequence, this state is stabilized by the dipole interaction. This stabilization effect can also be easily deduced from a simple rewriting of state |++ as a function of the eigenstates (9) of the interacting HamiltonianĤ
This rewriting reveals the contribution of the stabilized eigenstate ψ 2 , and a lack of contribution from the destabilized state ψ 3 . The quantum phase gate can, therefore, be implemented in three steps, following the sequence
where the dynamical phases associated with the noninteracting evolution have been ignored. The sign change of state |++ is due to the free evolution of the dipole interacting two-molecule system. Indeed, because of the dipole interaction, this state gains a time dependent (26) and (29), with a ratio between the left and right hand sides of these equations equal to 10 3 . The molecular parameters Brot, µ and ω vib are taken from [37] and [38] . phase easily expressed as ϕ(t) = (δ/ ) t, where
This step is, therefore, able to build up a maximal molecular entanglement in the duration
from an initially separable two-qubit wavefunction. Since, from all accessible states in Eq. (23), the state |++ is the only one in which the two molecules are coupled by dipole interaction at first order, by transforming the |+ states back to the "storage" qubit states |1 , we stop the conditional interaction and transfer the quantum phase gate to the original subspace spanned by the levels |00 , |01 , |10 and |11 .
It is important to notice that the quantum numbers M i , projections of the rotational quantum numbers of the two molecules on the inter-molecular axis, remain unchanged in the protocol above. This happens thanks to the polarization chosen for the electric field E(t) (see Fig. 1 ), and because the dipole interaction (7) can be expressed as the Y 2,0 component of a second order spherical tensor. This interaction therefore conserves the total projection M = M 1 + M 2 . In our scheme, the initial value of M is zero, and the dipole coupling affects the linear combination |01 + |10 of state |++ only. In this linear combination, one of the molecule remains in the ground rotational level N = 0, and both projections M 1 and M 2 are, therefore, fixed at zero during the whole gate duration.
Finally, we also would like to stress that, in the protocol described above, the auxiliary vibrational levels could as well be replaced by electronic states without substantially modifying the basic procedure of entanglement creation. In this case, it would however be required to implement the two-photon transition shown in Fig. 3 [12] .
III. DISCUSSION ON POSSIBLE EXPERIMENTAL IMPLEMENTATIONS
A practical implementation of the quantum phase gate described in Section II B must satisfy the following conditions:
(i) the molecules should be prepared initially in their rotational ground state,
(ii) the molecules should be close enough for a fast operation time, but far enough to avoid strong nonlinear interactions,
(iii) the molecules should be individually addressable, (iv) the inter-molecular distance should remain constant during the whole gate duration, (v) the gate operation time should be much shorter than the decoherence time.
Considering the five requirements above, trapped molecular systems seem to be interesting candidates for the implementation of the quantum phase gate protocol.
We proceed now to a more quantitative investigation of the experimental parameters involved.
Let us take as an example cold molecules trapped in an optical lattice. In such systems, the molecules can be formed from an atomic Bose-Einstein condensate (BEC) by Feshbach resonance or by photoassociation. Since the molecules are then formed in s-wave collisions, the first criterion is necessarily fulfilled. In addition, the molecules could be addressed individually (criterion (iii)) as proposed by DeMille [19] by using an electric field gradient which shifts the transition frequencies of the different molecules as a function of their position. Finally, when the dipole interaction is weak, the molecules are not moving from their lattice site during the gate operation, and the criterion (iv) is also verified.
For the dipole interaction to be treated as a perturbation, one should require that the inequality (8) is verified. The two molecules should therefore be well separated, with
In this equation, λ denotes the wavelength of the lattice laser light. A link can be made between this requirement and the condition (v). In an optical lattice, among various sources of decoherence, one can cite spontaneous emission, decoherence due to the coupling to the black-body radiation of the room-temperature environment, and collisions with residual atoms or molecules. The black-body contribution leads to lifetimes which are much larger ( 100 s) than the expected gate duration [21, 24] . For such cold and relatively isolated molecules, spontaneous emission from excited vibrational states should therefore present the highest contribution to decoherence. The spontaneous vibrational decay rate is then given by
where ω vib is the vibrational frequency and c is the speed of light. The requirement (v), reformulated as
therefore yields another criterion for the inter-molecular separation
Combining Eqs. (26) and (29) yields an optimal range [ r min , r max ] of inter-molecular separations for the implementation of the present conditional quantum logic scheme with polar molecules. This range of distances is given in Table I for a set of alkali dimers which have been presented as potential candidates for quantum information [19, 20, 21] .
Clearly, all alkali dimers are well suited if one considers lattices in the optical or near infrared domain, around λ ≃ 600 − 1100 nm. In addition, a recent study [21] has shown the existence of two frequency windows for KRb and RbCs in which, in spite of the complex molecular internal structure, resonant excitation by the lattice light is very unlikely. The trapping potential of the lattice is then almost unaffected by this additional complexity.
The efficiency of the present entanglement procedure is finally analyzed in Fig. 5 for the two dimers KRb and NaCs, which have the smallest and largest dipole moments µ = 0.59 D and µ = 4.58 D of the alkali molecules of Table I . The upper and lower panels (a) and (b) of this figure show the expected gate duration τ (Eq.(25)) and the gate robustness 1/γ vib τ as a function of the lattice site separation λ/2 for these two molecules.
In the domain λ/2 ≃ 300 − 500 nm (right part of Fig. 5 ), gate durations around τ ≃ 12 − 60 µs and τ ≃ 0.8 − 3.6 ms are obtained for NaCs and KRb respectively. As shown in Fig. 5(b) , in the same range of wavelengths, about 3×10 3 to 3×10 4 gates can be performed in the expected coherence time of the system. More specifically, the frequency window λ ≃ 680 ± 35 nm given in Ref. [21] for KRb yields the gate duration τ ≃ 1.2 ms, with 1/γ vib τ ≃ 1.8 10 4 gates achievable in the expected coherence time. In addition, one should note that the gate duration τ is much larger than the molecular rotational period. The quantum phase gate therefore builds up in a very large number of molecular rotations.
The number of rotations necessary for the creation of entanglement can be decreased by using molecules closer to each other. This can be achieved in systems where the molecular density reaches higher values, as in solid matrices for instance. In such systems, the quantum phase gate protocol described above leads to uncontrolled entanglement creation between different molecules. Since in this system the molecules are randomly located in the matrix sites, one can usually not define rigorously a unique inter-molecular quantization axis. As a consequence, different values of M will appear during the implementation of the quantum phase gate protocol. For relatively low densities, an undetermined entangled state is, therefore, produced between pairs of molecules. Let us now consider the specific case of DCl (µ ≃ 1.02 D) trapped in an fcc Ar crystal [39] , with an Ar-Ar distance equal to that in bulk Ar, i.e. 7.03 a.u.. The DCl molecules are located at the center of the cubic Ar structure, and the closest molecules are separated from each other by 7.03 a.u. only. In these conditions, a quantum phase gate may be performed in just τ ≃ 500 fs.
The vibrational motion of these molecules is of course coupled to the vibrational modes of the crystal, and this is the main source of vibrational decoherence in this system. This decoherence time strongly depends on temperature, and for T = 6 K, it is of the order of 100 ps [39] . About 200 gates could therefore be performed within the system coherence time. By further cooling down this system, one can expect to dramatically increase these figures. An advantage of this type of system is its simplicity, and the fact that it is a tractable macroscopic system. It also allows, in principle, for a direct test of entanglement, as discussed in the next Section.
IV. ENTANGLEMENT DETECTION AND NON-LOCALITY TESTS
A possible way to completely characterize the entangled state generated by the procedure described in Section II is to perform a tomographic measurement of the rotational state. This can be done by detecting, by measurements of molecular alignment for instance [40] , the complete density matrix of the system [41] . This procedure, usually employed in the quantum information context with trapped atoms and ions, presents the advantage of giving complete information about the system state.
However, if one is interested only in determining if both molecules are entangled or not, other measurement schemes can be simpler and more direct. They are based on entanglement witnesses [42] . These measurements present the disadvantage of not providing necessary and sufficient criteria for entanglement detection since only a subspace of the Hilbert space spanned by all entangled states is detected.
A possible way of testing entanglement using entanglement witnesses is to perform Bell type experiments [43] with molecules in an optical lattice. By applying the unitary transformations which allow for the implementation of a conditional phase gate between the storage rotational levels |0 and |1 as discussed in Section II, and then by measuring the population of each level, one can infer the quantity
where the σ α are the Pauli matrices in the α directions, written in the (|0 , |1 ) basis set. In this type of measurement, the molecules do not need to be distinguished. As shown in Ref. [43] , all separable states satisfy the inequality
while some entangled states violate it. Other types of approaches are also possible with temporal Bell inequalities, for instance [44] . In the solid matrix system, the rotational states of the molecules are not as accessible as in the preceding case. In such systems, the measurements are usually made by radiation detection or by photon echo techniques [39] . In Ref. [45] , it was shown that photon echoes can be used as entanglement witnesses, detecting a subspace of entangled states. In the experimental system in question, the echoes are observed in a transition between two vibrational levels. In order to obtain information about entanglement between rotational states, one should first coherently transfer the population of state |1 ≡ |2, v 0 to the first excited vibrational state with no rotational excitation, |0, v 1 , using the two-photon process shown in Fig. 3 . The result of this transformation is somehow to swap the excitations associated with the rotational and vibrational degrees of freedom. By doing so, entanglement between rotational levels is, therefore, converted into entanglement between vibrational levels. The techniques described in [45] can then be applied for entanglement detection.
V. CONCLUSION
We have presented an alternative way for creating controlled and uncontrolled entanglement between rotational levels of two polar diatomic molecules trapped in optical lattices or in solid matrices.
Our scheme is based on a weak dipole coupling which is conditionally created between molecules, leading to a conditional phase shift. It uses the three lowest rotational levels of two vibrational states. For storage of the information between the gate operations, the qubit state is transferred efficiently via a Raman transition to two uninteracting states of long coherence times.
We have discussed two possible experimental scenarios which are suitable for implementing the proposed scheme, as well as possible detection techniques adapted to both experimental contexts. These results throw some light on how to perform quantum information operations in cold and trapped molecular systems.
